A finite element analysis of flows of an Oldroyd-B fluid is developed, to simulate blood flow in an arteriovenous fistula. The model uses a combination of a standard conforming finite element approximation for the momentum equation, and the discontinuous Galerkin method, with upwinding, for the equation governing the evolution of the extra stress. The model is verified for a range of values of Weissenberg number We by applying it to the benchmark problem of flow past a cylinder in a channel. The main application is to flow in an arteriovenous fistula, the geometry of which is based on patient-specific data. Results for Oldroyd-B fluids are compared with those for a Newtonian fluid as well as with data from patient-specific velocity MRI scans.
Introduction
While the simple model of a Newtonian fluid suffices for a wide range of fluid behaviour, there are many fluids whose behaviour cannot be satisfactorily modelled as Newtonian. Extensions, for example to non-Newtonian models, then become necessary. Examples of such models, applicable to a range of fluids, include the Upper Convected Maxwell, Oldroyd and Oldroyd-B, Phan-Thien-Tanner (PTT), Finite Extendible Nonlinear Elasticity (FENE) and Giesekus models [27] .
The Oldroyd-B model, which is adopted in this work, has been used in applications such as heating, blood flow and flow through porous media [27] . In [34] a generalized form of the model was used to simulate blood flow, with experimental validation using the results of tests on porcine blood. Similar work, with the emphasis on shear thinning, was presented in [14] .
Various numerical approaches to the equations for Oldroyd-B fluids have been investigated: these include Discrete Elastic Viscous Stress Splitting (DEVSS) [22] , Local Projection Stabilization [32] , Galerkin Least Squares (GLS) [10] , and the extended finite element method (XFEM) [7] .
In the majority of these studies a major challenge has been that of obtaining convergent results 1 arXiv:2003.08176v1 [physics.med-ph] 18 Mar 2020 at higher Weissenberg numbers [20] .
Blood comprises a suspension of red and white blood cells and platelets in a plasma [1] . In larger arteries, blood has been traditionally modelled as an incompressible Newtonian fluid with good experimental correlation (see [2] ). However, in smaller channels blood exhibits non-Newtonian properties such as shear-thinning as well as viscoelasticity.
Models that account for both shear-thinning and viscoelastic effects include that presented in [4] , where an empirically fitted viscosity function was incorporated into a generalized Oldroyd-B model, and experimentally validated against an in vitro experiment with porcine blood. Other numerical studies based on this model include [5, 6, 7] , with different viscosity functions having been similarly incorporated into the generalized Oldroyd-B model.
The focus of this work is on a computational study of viscoelastic flows in a complex domain whose geometry derives from a patient-specific arteriovenous fistula. The aim of the study is to extend an earlier biomechanical investigation, reported in [11] , of blood flow in such a domain.
In that study the fluid was modelled as Newtonian, and the vessel walls treated as deformable.
Similar studies have been reported in [18, 33] . The objective of this work is to investigate features with the adoption of an Oldroyd-B model, and to compare these with results obtained with the assumption of Newtonian flow.
A constant viscosity Oldroyd-B model is adopted, and the resulting set of governing equations solved approximately using a combination of conforming and discontinuous Galerkin finite element methods. The latter is used for the constitutive relation involving the extra stress, as it is well suited to developing stable approximations for equations of advection-diffusion type, such as that considered here.
The structure of the remainder of this work is as follows. The governing equations of the problem and details of the discretization schemes used are presented in Section 2. In Section 3 the approximation procedure is applied to the benchmark problem of flow around a cylinder. The main example, of flow in an arteriovenous fistula, is presented in Section 4, with comparisons given between results for the case of Newtonian and Oldroyd-B fluids, and also of patient-specific MRI data.
2 Governing equations and their discretization
Governing equations
Consider a fluid occupying a domain Ω ⊂ R d (d = 2, 3) with boundary ∂Ω. The governing equations for flows of a generalized Oldroyd B fluid are, in dimensionless form, and in the absence of a body force [27] ,
Here u denotes the velocity, T the Cauchy stress, p the pressure, and τ the extra stress; the rate of deformation tensor D is given by
The upper convective derivative ∇ τ of the stress τ is defined by
The quantity β = η s /η is the ratio of the polymeric viscosity η s to total viscosity, η, which is the sum of solvent and polymer parts η s and η p . Nondimensionalization is achieved with the introduction of a characteristic length L and velocity U , and the dimensionless parameters are the Reynolds number Re and Weissenberg nmber We, defined by
In the definition of Re, ρ is the mass density, while in the definition of We, λ 1 is the viscoelastic relaxation time. This parameter is thus the ratio of viscoelastic to viscous quantities, and serves as a measure of the degree of viscoelasticity.
The boundary Γ has outward unit normal n and is subdivided into two non-overlapping parts Γ D and Γ N referred to as the Dirichlet (essential) and Neumann (natural) boundaries, with Γ D ∪ Γ N = Γ. The inflow boundary, that is, that portion of Γ along which u · n < 0, is denoted by Γ i . Boundary conditions are prescribed as follows:
In addition, the initial conditions are
τ (x, 0) = 0.
Discretization
Time-discretization. A backward Euler scheme is used to discretize in time, so that the resulting equations are, at time step n,
∇ · u n = 0,
Spatial discretization. We begin by formulating the governing equations (6) in weak form, by taking the inner product respectively with test functions w, q and σ, integrating, and integrating by parts where relevant. This gives the set of equations
We make use of finite element approximations, and discretize in space by partitioning the domain into quadrilaterals (2D) or hexahedra (3D). The velocities are approximated using piecewise continuous biqudratic (2D) or triquadratic (3D) polynomials, denoted by Q 2 , and the pressures by piecewise discontinuous linear polynomials, denoted by P disc
1
. This combination of elements satisfies the velocity-pressure inf-sup stability condition [19, 30] . The element choice for the extra stress is dependent on further discretization of (7) . This is addressed in the next section.
Discontinuous Galerkin method
Discontinuous Galerkin methods are a class of finite element methods in which the continuity requirement across elements is relaxed. The method was introduced by Reed and Hill in 1974 [28] and by Lesaint and Raviat [24] in 1974, to solve the neutron transport problem. The discontinuous Galerkin method offers various advantages such as the ability to handle complex geometries easily, incorporating refinement which may result in neighbouring elements having differing polynomial orders, or multiple cells sharing the same interface with one element (hprefinement). Furthermore it can be easily parallelized. A more important advantage is that the method is capable of capturing discontinuous solutions that arise in some hyperbolic problems.
Additionally, the method allows for solutions to be determined on an element-by-element basis.
Discontinuous Galerkin Methods were first used to solve for viscoelastic flows by Fortin and
Fortin [17] , and more particularly for the Oldroyd-B model in [6, 14] . In these works, and in the current study, upwinding is used to address the instabilities arising from advection-dominated problems, such as that for the extra stress constitutive relation.
The element boundaries are split into their upwind and downwind components Γ + and Γ − . We denote the jump of a variable u across an inter-element boundary by
where u + and u − are the values of u on the upwind and downward element boundaries respectively. Upwinding is achieved by integrating by parts twice the terms on the right-hand side of (7c). This equation becomes, on an element Ω e with boundary Γ e ,
Here n + and n − denote respectively the outward unit normals on the upwind and downwind 
A benchmark problem
We consider the flow of a fluid in a channel with a cylindrical obstruction. The cylinder is placed symmetrically in the channel, so that it suffices to consider flow in the domain shown in Figure   1 . The channel is rectangular with a width 4r, where r is the radius of the symmetrically placed cylindrical obstruction. The channel half-length 15r is sufficiently long for the flow to fully develop, and ensures that the boundary conditions do not affect the behaviour at the obstruction.The geometry of the problem has no singularities, but the challenge lies in predicting the sharp stress boundary layers that arise around the obstruction and along the axis of symmetry in the wake of the obstruction [1] .
The majority of studies have focused on obtaining solutions for high Weissenberg numbers with different numerical methods. In these studies most schemes fail to converge at Weissenberg numbers of 0.7 -0.8. The problem has also been shown to be mesh-sensitive with increasing Weissenberg number. Though some solutions have been obtained for higher Weissenberg numbers, there is still uncertainty about the accuracy of the solutions obtained [42] . Nevertheless there is some agreement on the expected behaviour for this benchmark problem. The following parameters are used: Re = 0.1 to approximate creep flow, β = 0.59 and We ranging from 0.1 to 0.5, as in [1] and [14] . The ratio of cylinder radius to channel half-width is set at D/r = 1. Solutions were obtained on meshes of increasing refinement with adaptive mesh refinement being used after the first global refinement. The mesh properties are summarized in a solution could not be obtained at We = 0.6. Similar limitations have been encountered in other works (see for example [1, 10, 9, 20, 21] ).
The solution profiles obtained for We = 0.3 are shown in Figure 2 . The velocity profile obtained is very similar to that for the Newtonian fluid, as seen also in other related studies [22, 8, 7] . The direct extra stress component τ xx is positive at the apex of the cylinder and the channel wall directly above it, indicating tensile behaviour. Further stretching is observed in the wake of the cylinder. The shear component τ xy shows a maximum on the upstream side of the cylinder and a decline on the downstream side. The component τ yy has a maximum on the left side of the cylinder and a smaller local maximum on the right side. A stress-free zone is seen in the zero velocity region downstream of the cylinder, with τ yy having the steepest gradient close to that area. These trends are similar to those observed in [22, 8, 7] .
A plot of the direct stress component along the axis of symmetry and cylinder wall, shown in Figure 3 , shows that the extra stress increases with increasing Weissenberg number. The maximum stress occurs at the apex of cylinder with a much smaller peak in the wake of the cylinder, as seen also in [14, 15, 22, 20, 8, 7] , with differences mainly occurring at higher We (0.5 and above) where the maxima are higher and the peak in the wake lower.
Dimensionless drag
The dimensionless drag F D over the cylinder (D) is defined by
where D denotes the surface of the cylinder, e x is the unit vector in the direction of the axis of the cylinder, and n is the outward unit normal to this surface. Values of F D were obtained for both Q 0 and Q 1 elements at mesh refinement M2, for consistent comparison with the literature.
A comparison for varying values of We is presented in Table 2 .
We M2 Q 0 Figure 4 : Dimensionless drag profile for Q 0 and Q 1 elements compared to [14, 15] .
The values obtained using Q 1 elements show close correlation with values in the literature. The values obtained using Q 0 elements are slightly less accurate, as observed in [13] . A comparison of the dimensionless drag with results obtained in [15, 13] is shown in Figure 4 , using mesh M3.
These results show the degree of improvement in results with the use of piecewise-blinear as opposed to piecewise-constant elements.
Blood flow in an arteriovenous fistula
An arteriovenous fistula is a mode of vascular access formed by connecting an artery and a vein.
Arteriovenous fistulae (AVF) are used in haemodialysis, which is required by most patients with late stage renal disease. For this treatment blood is extracted from the body into a filter through a tube. The process requires blood flow rates above 300 ml/min [12] . Computational fluid dynamics simulations on AVFs include the works [23, 4, 5, 31, 26] , where flow features such as recirculation, stagnation and separation are apparent.
In this work the aim is to compare results assuming Newtonian behaviour for blood flow in the AVF, with those for viscoelastic fluids. It appears that such a comparison is not available in the current literature. The geometry of the fistula is obtained from a patient-specific geometry extracted from velocity encoded MRI data [11] . The walls are assumed to be rigid here. The geometry of the fistula is shown in Figure 5 . The inlet flow used is based on that obtained from the MRI data. The velocity pulse at the inlet is shown in Figure 6 . 
For the outlet boundary condition we take into account the surrounding vascular system by using a resistance boundary condition coupled with backflow stabilization. The resistance boundary condition takes into account pressure wave propagation in the vascular system, while backflow stabilization prevents divergence caused by fluid flowing back into the domain due to the pulsatile nature of the flow [3, 25, 16] . The combined boundary condition is
whereσ n = −pn + ηDn − ρu(u · n) − .
Here R out is the resistance of the downstream vasculature and (u · n) − is defined by
The parameters used are p 0 = 85 mm Hg, and R out = 1 × 10 4 kg/(m 3 s) and 1 × 10 3 kgm −3 s −1 )
at outlets B and C respectively.
Newtonian simulations
Velocity streamlines are shown in Figure 7 for the case of a Newtonian fluid, and compared with the MRI data, obtained together with patient geometry as well as with the results in [11] for the deformable domain. The velocities range over 0 to a maximum of 0.232 m/s. There is much similarity across the profiles; this applies in particular to the recirculation region and velocity profiles. Figure 7 : Comparison of streamlines: (a) MRI data [11] ; (b) FSI simulations [11] ; (c) current work
The maximum wall shear stress WSS, defined by
is an important parameter as it is much higher in vascular access than in normal physiological conditions. Comparison of the WSS with that in [11] ) at the peak systole is shown in Figure   8 . The maximum for the present study was found to be equal to 29.7 Pa (cf. the value of 38Pa found in [11] ). The difference can be attributed to the rigid wall being used in this work, as well as a difference in the type of resistance boundary condition chosen. The stress profiles are nevertheless similar. 
Oldroyd-B simulations
The simulations for the Oldroyd-B fluid were carried out on a coarser mesh than that used for the Newtonian fluid as the fourfold increase in the degrees of freedom results in a considerable increase in the size of the problem. The mesh used is shown in Figure 9 . The simulations were carried out for We = 0.1 to 0.5, which corresponds to the range of relevance for blood [29] . Velocity profiles are shown in Figures 10 -13 for a range of values of We and for the case of a Newtonian fluid. These show similar behaviour to that for the case of a Newtonian fluid, in particular, with a similar recirculation region. However, for We = 0.5 the velocities are somewhat lower than those at lower values of We, beyond t = 445ms. Plots of wall shear stresses are shown in Figure 14 . A region of high stress in the vicinity of the junction is evident in all cases. It is also seen that the region of high stress for the Oldroyd-B fluid coincides with that for a Newtonian fluid. The variation of the WSS with increasing Weissenberg number, shown in Figure 15 , was found to be roughly parabolic. This is similar to the relation between We and dimensionless drag [14, 15, 22, 20, 8] , with the minimum occurring at a lower value of We for the WSS than for the dimensionless drag.
Conclusions
This work has concerned a finite element-discontinuous Galerkin analysis of flows of an Oldroyd-B fluid. A two-dimensional benchmark problem has served to ensure appropriate levels of accuracy. The results of the benchmark model are comparable to those in the literature, with differences occurring at higher Weissenberg numbers. The use of piecewise constant approximations for the extra stress suffices to capture adequately the relevant trends in behaviour.
Simulations have been carried out of flow of an Oldroyd-B fluid for the complex three-dimensional geometry of a patient-specific arteriovenous fistula, with the assumption of rigid walls. The inlet velocity profile was based on that obtained from MRI data. The flow profiles obtained were similar to those reported for a Newtonian fluid with deformable blood vessels in [11] . Also, the WSS for the Oldroyd-B fluid shows a similar profile to that of a Newtonian fluid, the difference being a higher stress behind the artery-vein junction for the viscoelastic model. The maximum values of WSS have a strong dependence on Weissenberg number, and are in all cases higher than for a Newtonian fluid.
Both the similarities and the differences in behaviour between Oldroyd-B and Newtonian fluids are valuable in determining the most appropriate constitutive models for simulations of the kind considered in this work. Similar remarks apply to the comparisons between results for vessel walls assumed rigid, on the one hand, and deformable on the other. 
